We consider the inverse spectral problem for a singular Sturm-Liouville operator with Coulomb potential. In this paper, we give an asymptotic formula and some properties for this problem by using methods of Trubowitz and Poschel.
Introduction
The Sturm-Liouville equation is a second order linear ordinary differential equation of the form ( ) ( The transformation of the general second order equation to canonical form and the asymptotic formulas for the eigenvalues and eigenfunctions was given by Liouville. A deep study of the distribution of the zeros of eigenfunctions was done by Sturm. Firstly, the formula for the distribution of the eigenvalues of the single dimensional Sturm operator defined in the whole of the straight-line axis with increasing potential in the infinity was given by Titchmarsh in 1946 [2] [3] . Titchmarsh also showed the distribution formula for the Schrödinger Operator. In later years, Levitan improved the Titchmarsh's method and found important asymptotic formula for the eigenvalues of different differential operators [4] [5]. Sturm-Liouville problems with a singularity at zero have various versions. The best known case is the one studied by Amirov [6] [7] , in which the potential has a Coulomb-type singularity ( ) 
Basic Properties
We consider the singular Sturm-Liouville problem
where the function ( ) [ ]
Let us denote by ( )
, , x q ϕ λ the solution of (2.1) satisfying the initial condition
and by ( ) 
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Integrating the first integral on the right side by parts twice and taking the conditions (2.2) into account, we find that
The solution of problem (2.1) and (2.3) has the following form:
Proof. The proof is the same as that of Lemma 1.
Now we give some estimates of ϕ and ψ which will be used later. 
where c is uniform with respect to q on bounded sets in
Lemma 3 (Counting Lemma). [13] Let
[ ] 
. Thus, all roots of ( )
Proof. The proof is similar as that of ( [13] , Pöschel and Trubowitz).
Asymptotic Formula
We need the following lemma for proving the main result. 
Finally, we shall prove the relation (3.2) 
Proof of the Main Theorem. Since ( )
is a nontrivial solution of Equation (2.1) satisfying Dirichlet boundary conditions, we have 
Thus, by using this inequality (3.4) can be written in the form
From (2.8) we conclude that ( )
So we get
In this case, the theorem is proved. From this theorem, the map ( ) (
, ,µ µ µ → =  from q to its sequences of Dirichlet eigenvalues sends 2 L into S. Later, we need this map to characterize spectra which is equivalent to determining the image of µ .
Inverse Spectral Theory
To each eigenvalue we associate a unique eigenfunction ( ) ( )
, , 
Thus we conclude that ( )
Also, we need to have asymptotic estimates of the squares of the eigenfunctions and products 
The map 
